Abstract. We give a criterion for the existence of a Kähler-Einstein metric on a Fano manifold M in terms of the higher algebraic alpha-invariants α m,k (M ).
1.2. Notation. Throughout this paper (M, ω) will be a compact Kähler manifold of dimension n (sometimes, where specified, with further properties: projective, Fano, ...). We write V for´M ω n , ffl M for the averaged integration operator V −1´M , and for a real function ϕ, we use the notation ω ϕ := ω + √ −1∂∂ϕ,
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Approximation of Kähler potentials
Lemma 2.1. Let ϕ and ψ be Kähler potentials. Let r be an integer, 1 ≤ r ≤ n. Then Wedge with ω n−r , integrate, and apply Stokes' theorem:
Corollary 2.2. Let ϕ and ψ be Kähler potentials. Let k be an integer, 2 ≤ k ≤ n. Then
Proposition 2.3. Let c > 0. Let k be an integer, 2 ≤ k ≤ n. There exists C = C(k, c), such that if ϕ and ψ are Kähler potentials with
Proof. By Corollary 2.2, for any real number a,
(The constant a can be added since
are positive. Hence we have the pointwise inequalities
Summing, integrating and averaging,
Algebraic preliminaries
In this section M is a variety, L an ample line bundle over M , and m a natural number.
Denote by Bs(V ) the zero locus of this section; that is, the set of points x ∈ M such that for all sections s in V , s x = 0. Projectivizing ev V yields a natural map
Let ω be a Kähler metric in 2πc 1 (L), and h be a hermitian metric on L whose curvature is ω. These induce an inner product || · || on V ,
hence a Fubini-Study metric on CP(V * ), which we may pull back under ι to obtain a nonnegative
3.1. Definitions. This inner product, coupled with h, also induce a hermitian metric on
be the squared norm of ev V with respect to that hermitian metric. (As the notation suggests, ρ ω,m,V depends on ω but not otherwise on h.) Equivalently, if (s 1 , . . . s k ) is a basis for V which is orthonormal with respect to || · ||,
Obviously ρ ω,m,V vanishes precisely on Bs(V ). It is easily checked that 1 m log ρ ω,m,V is the potential with respect to ω of the (possibly distributional) pullback (1, 1)-form
In particular, for a Fano manifold M , the
. It is easily checked that, as implied by the notation, α m,k (L) is independent of the chosen ω, h.
Control on Bergman metrics.
In this subsection let L be very ample; let m always be 1, and let V always be the whole vector space H 0 (M, L). Thus Bs(V ) = ∅, and
is a smooth embedding. Let M L ∼ = GL C (V )/U (V ) be the homogeneous space of inner products on V . For an inner product a ∈ M L , as before there is an induced Fubini-Study metric Ω a on CP(V ), and as before there is a Bergman metric ω a := ι * Ω a on M induced by pulling back Ω a .
Also as before let ω be a Kähler metric in 2πc 1 (L), and h be a hermitian metric on L whose curvature is ω. These induce a reference inner product || · || on V ,
For any a ∈ M L , we may simultaneously diagonalize || · || and a, producing a basis (s 1 , . . . s N ) of V and positive reals µ 1 (a) ≥ µ 2 (a) ≥ · · · > 0 such that
It is easily checked that the function ψ a := log Definition. Let 2 ≤ k ≤ n.
(1) Let D be a subset of M L . The k-th eigenvalue of L is controlled on D, if for each ǫ > 0, there exists C = C(n, k, ω, ǫ), such that for all inner products a in D,
(2) The k-th eigenvalue of L is controlled, if it is controlled throughout the full set M L .
The k-th eigenvalue of L is obviously controlled on any compact subset D of M L ; what is not obvious is whether it is controlled on the full, noncompact, M L .
The following non-sharp version of the hypothesis will suffice for a slightly weaker existence theorem:
(1) Let D be a subset of M L . The k-th eigenvalue of L is weakly controlled on D, if there exists C = C(n, k, ω), such that for all inner products a in D,
(2) The k-th eigenvalue of L is weakly controlled, if it is weakly controlled throughout the full set M L .
Estimates for Einstein potentials by means of algebraic approximation
In this section, and throughout the rest of this paper, M is Fano and the Kähler metric ω is in 2πc 1 (M ). Thus V =´M ω n = (2π) n c 1 (M ) n . Let h be a hermitian metric on K They are in general proved using convergence theory for classes of manifolds whose metrics satisfy some analytic constraint. Tian's work on complex surfaces [Tia90] included a partial C 0 -estimate for Kähler-Einstein surfaces, proved using the orbifold convergence of Kähler-Einstein 4-manifolds. Deep, very recent work [CDS15a, CDS15b, CDS15c, DS14, Sze13, Tia12, Tia13] has produced partial C 0 -estimates for various classes of metrics in arbitrary dimension, proved using Cheeger-Colding theory.
In this paper we will use one of these, Szekelyhidi's partial C 0 -estimate along the Aubin continuity method:
Theorem 4.1 ( [Sze13] ). Let T ≤ 1 be a positive real. Let (ω t ), for t ∈ (0, T ), be Kähler metrics, such that Ric(ω t ) = tω t + (1 − t)ω.
Then there exist a natural number m = m(M, ω) and a constant a = a(M, ω), such that the family (ω t ) satisfies a partial C 0 -estimate: for all t ∈ (0, T ),
The importance of partial C 0 -estimates lies in the following standard result ( [Tia90], see also [Tos12] ), proved using Moser iteration and a Sobolev inequality of Croke and Li.
Proposition 4.2. Let a and λ be positive reals. There exists a constant C = C(n, m, N, V, a, λ), such that if if, for some real number t with δ ≤ t ≤ 1, ϕ solves the Aubin continuity-method equations at t:
Remark. If the k-th eigenvalue of K
−m
M is instead only weakly controlled, then the same arguments establish the weaker conclusion
Proof. By Jensen's inequality,
Let f be the real function on M such that
By the Aubin equation on ϕ, and by construction of f ,
Using the partial C 0 -estimate and Proposition 4.2, there exist
Applying the alpha-invariants criterion to (3),
Combining equations (1), (2) and (4),
Rearranging, and using that t ≥ δ, 
C 0 estimates from higher alpha invariants
In this section we maintain the notation of Section 4, and fix a natural number k, with 2 ≤ k ≤ n.
5.1. Two standard functionals. We recall the functionals I and J introduced by Aubin: 
